We present a systematic construction of classical extended superconformal algebras from the hamiltonian reduction of a class of affine Lie superalgebras, which include an even subalgebra sl(2). In particular, we obtain the doubly extended N = 4 superconformal algebraÃ γ from the hamiltonian reduction of the exceptional Lie superalgebra D(2|1; γ/(1 − γ)). We also find the Miura transformation for these algebras and give the free field representation. A W -algebraic generalization is discussed.
In the last few years it has been known that various higher-spin extension of the Virasoro algebra including Zamolodchikov's W algebra [1] can be constructed using the Drinfeld-Sokolov type hamiltonian reduction of affine Lie algebras (or the associated integrable systems) [2] , [3] and its generalization [4] - [7] . Supersymmetric extension of the Virasoro algebra is important from the viewpoint of application to superstrings and topological field theory. It has been shown that N = 1 and N = 2 super W algebras can be obtained from the hamiltonian reduction (or related super Toda field theories) of a special class of affine Lie superalgebras which have the purely odd simple root system [8] .
The purpose of this paper is to present a systematic construction of the classical extended superconformal algebra (ESA) from the hamiltonian reduction viewpoint. ESAs with u(N) and so(N) Kac-Moody symmetries, which have been constructed by Knizhnik and Bershadsky [9] , have in general non-linear properties similar to those of the Walgebra. Some previous works describe the relation between N = 1 and 2 superconformal algebras and Lie superalgebras osp(N|2) [10] . In particular Mathieu has shown that the hamiltonian structure of the osp(N|2) KdV equations leads to the classical so(N) ESA [11] , although in his formulation the Lie superalgebraic structure is not obvious.
In the present paper we shall discuss a class of Lie superalgebras which include even subalgebras g⊕sl (2) , where g is a semi-simple Lie algebra. Using Kac's notation [12] , such basic classical Lie superalgebras are classified as follows (see Table 1 ): A(n|1) (n ≥ 1), A(1|0) B(n|1), D(n|1), B(1|n), D(2|1; α), F (4) and G(3). By considering the hamiltonian reduction of an even subalgebra sl(2), we will find ESAs with A n ⊕ u(1) (A 1 for n = 1),
the corresponding ESA is shown to be the N = 4 doubly extended superconformal algebra [14] . We will also show that the Miura transformation can be naturally obtained by connecting the Drinfeld-Sokolov gauge and the "diagonal" gauge. The present classical formulation is a crucial step for the study of the quantum ESA using the Coulomb gas representation. We note that a bosonic analogue of u(N) ESA has been discussed in refs. [7] by considering the hamiltonian reduction of sl(N + 2). However, for other Lie superalgebras there is no bosonic counterpart, especially for D(2|1; α).
We begin by explaining the hamiltonian reduction by taking an affine Lie superalgebrâ g = A(n|1) (1) at level k associated with a basic classical Lie superalgebra g = A(n|1) = sl(N|2) (N = n + 1) as an example. The algebraĝ consists of an element (X(z), x 0 ) of the form
where X 1 is a N × N matrix and X 2 is a 2 × 2 matrix, whose components are commuting numbers. ξ = (ξ 1 , ξ 2 ) and η = t η 1 t η 2 are N × 2 and 2 × N matrices and ξ i and η i are fermionic N-vectors. x 0 is a number. The commutation relation is defined by
The dual spaceĝ * of the superalgebraĝ consists of an element (J(z), α 0 ), where the scalar product , take the form
Let us parametrize J(z) as
where
are N-dimensional vectors whose components are fermionic currents.ĝ acts onĝ * as an coadjoint action ad * (or infinitesimal gauge transformation δ) defined by the formula
i.e.
From (1) and (6), the gauge transformation δJ = [X, J] + α 0 k∂X becomes
Next we impose the constraint onĝ * . In the present paper, we shall consider the constraint for the sl(2) even subalgebra of g and keep the other even affine algebra symmetry. We may choose the following constraint set M (or the set of levels), which consists of the elements of the form (J(z), 1)
Let N be the space of gauge transformations which preserve this constraint. The space N is determined by the condition δB 12 = 0 for arbitrary J(z) ∈ M. From the formula (7), we get (X 2 ) 12 = 0 and ξ 2 = 0 and η 1 = 0. Namely N can be expressed as
where N u(N ) is the u(N) gauge transformation group and N 0 consists of the elements e
Let us define the reduced phase space by F = M/N 0 . We can take the following two typical gauges. One is the "Drinfeld-Sokolov" gauge:
where J denotes the sl(N) Kac-Moody current at level k and U is the u(1) current, 1 N is the N × N unit matrix. The currents W generate the u(N) Kac-Moody algebra. The other is the "diagonal" gauge
HereĴ is the sl(N) current at levelk. A Poisson bracket structure on the reduced phase space F is determined by the coadjoint action preserving the gauge. This method is known Polyakov's "soldering" procedure [4] . To do this, it is convenient to decompose the gauge parameter by taking X = Λ 1 + Λ 2 + Λ 3 where
and ǫ 1 ∈ sl(N), ǫ 2 = ǫ 11 ǫ 12 ǫ 21 −ǫ 11 ∈ sl(2). Λ 1 and Λ 2 correspond to the sl(N) KacMoody symmetry and the u(1) symmetry, respectively. The parameter Λ 3 belongs to the sl(2) and fermionic part. From the conditions preserving the Drinfeld-Sokolov gauge:
we can express the gauge parameters ξ 1 , η 2 , ǫ 11 and ǫ 21 in terms of ξ 2 , η 1 , ǫ and ǫ 12 .
Therefore the gauge transformations on the reduced phase space can be expressed by using these parameters:
Note that T itself does not behave as energy-momentum tensor. In order to get the correct form, we must deform T by a differential polynomial of U, so we defineT = T + 1 4
From (14) we can show thatT behaves as
By expressing the infinitesimal gauge transformation δ as
we find the operator product expansions for U, J, G,Ḡ andT ,
The total energy-momentum tensor T total is defined by adding the Sugawara form of energy-momentum tensors of the sl(N) and u(1) Kac-Moody algebras;
conformal weight 3/2 with respect to T total (z). These operator product expansions are nothing but those of the classical u(N) extended superconformal algebra. In the case of N = 2 the u(1) current decouples from the algebra and we get the N = 4 sl(2) ESA.
Next we discuss the Miura transformation by considering the system of linear differential equations [3] :
where J ∈ M and v 0 is a N-vector. Under the gauge transformation
the component v 1 is gauge invariant. Therefore we can write the system of linear differential equations into the gauge-invariant higher (pseudo-)differential operator acting on the component v 1 . In the Drinfeld-Sokolov gauge, the differential equations becomes
By solving these equations in terms of v 1 we get
Here we define the inverse of (k∂ − W ) by
In the "diagonal" gauge, from the equations
we get
Comparing these two equations (22) and (25), we get the free field representation of the u(N) extended superconformal algebra:
The levelk of the sl(N) Kac-Moody currentĴ is equal to k − 1. From eq. (18) the total energy momentum tensor becomes
In a similar way, we may construct the classical so(N) extended superconformal algebra from the affine Lie superalgebra osp(N|2) (1) . An element of g = osp(N|2) is given by
where A ∈ so(N), B ∈ C 1 = A 1 and a i (i = 1, 2) are N-dimensional fermionic vectors.
Here we define a m × n matrix r A of a n × m matrix A = (a i,j ) by r A = (a m+1−j,n+1−i ).
We consider the same type of constraints M as (8). The gauge group N which preserve the constraints M is generated by (9) . The soldering procedure can be done by replacing tḠ by r G, tχ by − r χ and p 1 (p 2 ) by p (−p) in the sl(N|2) case, we show only the results
Here we parametrize the gauge parameters by Λ = Λ 1 + Λ 3 in (12) and put η equal to − r ξ 2 r ξ 1 . The Miura transformation 2 is given by
Therefore the free field representation of the classical so(N) extended superconformal algebras is expressed as
We note that the Miura transformation proposed in refs. [13] (sl(2|2) case) and [11] (so(N ) case) is apparently different from the present one. However if we define the path-ordered exponential "Pexp" satisfying
both Miura transformations are shown to be equivalent by virtue of the formula
whereĴ is the so(N) current in the diagonal gauge and the total energy-momentum tensor T total is defined by −T /k + trW 2 /(2k).
We proceed to the exceptional Lie superalgebra D(2|1; α). The algebra contains even subalgebras A 1 ⊕ A 1 ⊕ A 1 and has rank three. Let α i (i = 1, 2, 3) be simple roots of D(2|1; α) with the inner products α
By constructing the Cartan matrix, we find that the parameter α is given by the relation α = γ/(1 − γ). The positive even roots are α 2 , α 3 and 2α 1 + α 2 + α 3 , which generate A 1 even subalgebras. The odd positive roots are α 1 , α 1 + α 2 , α 1 + α 3 and α 1 + α 2 + α 3 . For α = 1 the hamiltonian reduction can be done by using an explicit 6 × 6 matrix representation because D(2|1; α = 1) = osp(4|2). But for generic α, there is no such representation. Hence we express the Kac-Moody current as
and a gauge parameter X(z) as
Here {e α , h i } are the Cartan-Weyl basis and ∆0 (∆1) is the set of even (odd) roots.
We denote the currents J ±α 2 , α 1 · H as J ±2 , H 1 , etc. for simplicity. Now we consider the constraint on an A 1 subalgebra {J 1123 , J −1123 , H 1123 } by imposing the condition J 1123 (z) = 1. On the reduced phase space we may take the Drinfeld Sokolov gauge
By using the structure constants of the algebra, we can calculate the gauge transformation on the reduced phase space. For Kac-Moody currents the results are
The transformations of the currents J ±3 and α 3 · H can be obtained by replacing indices 2 (3) by 3 (2) and γ by 1 − γ. The supercurrents and the energy-momentum tensor transform as
where α 1123 · ǫ = −k∂ǫ 1123 and
These relations are those of the non-linear N = 4 doubly ESAÃ γ [14] [15] obtained by factorizing fermions from the linear N = 4 ESA A γ [16] . Generators ofÃ γ are two sl(2) affine Lie algebras {J 2 , J −2 , H 2 } at level kγ, {J 3 , J −3 , H 3 } at level k(1 − γ), four supercurrents G 1 , G 12 , G 13 and G 123 and the total energy-momentum tensor
One can also calculate the extended superconformal algebras with B 3 and G 2 KacMoody symmetries from the hamiltonian reduction of affine Lie superalgebras associated with exceptional Lie superalgebras F (4) and G(3), respectively. In the F (4) case 3 , we have eight supercurrents which belong to the spin(7) representation of the B 3 . The G 2 ESA associated with G(3) has seven supercurrents which belong to the 7-dimensional fundamental representation of G 2 . The constructions of these algebras are straightforward by using the matrix (pseudo)representations [18] . From the viewpoint of Lie superalgebra, these complete the classification of extended superconformal algebras. It seems quite interesting to investigate the geometrical meaning of these algebras, because spin(7) and In a forthcoming paper we shall discuss the quantum hamiltonian reduction and free field representation of extended superconformal algebras. A Feigin-Fuchs type representation enables us to analyse the degenerate representation of the algebra and the computation of correlation functions using screening operators.
We would like to thank Jens Lyng Petersen for useful discussions. Table 1 : classification of extended superconformal algebras Lie superalgebra even subalgebra extended superconformal algebra A(n|1) (n ≥ 2)
A n ⊕ A 1 ⊕ u(1) N = 2(n + 1) u(n + 1) ESA A(1|1) A 1 ⊕ A 1 N = 4 sl(2) ESA A(1|0) = C (2) A 1 ⊕ u(1) N = 2 superconformal algebra B(n|1) (n ≥ 1)
B n ⊕ C 1 N = 2n + 1 so(2n + 1) ESA D(n|1) (n ≥ 2)
